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Abstract 

Q^'' In automata theory, the quantum computation has been widely examined for finite state ma- 
^ ■ chines, known as quantum finite automata (QFAs), and less attention has been given to the 
^ . QFAs augmented with counters or stacks. Moreover, to our knowledge, there is no result re- 
, lated to QFAs having more than one input head. In this paper, we focus on such generalizations 

of QFAs whose input head(s) operate(s) in one-way or realtime mode and present many superi- 
^ ■ ority of them to their classical counterparts. Furthermore, we propose some open problems and 
■ conjectures in order to investigate the power of quantumness better. We also give some new 

O 

cn 
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results on classical computation. 
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^ ■ 1. Introduction 

Quantum computation is a generalization of classical computation [531112]. Therefore, it is 
interesting to investigate the cases in which quantum computation is superior to classical com- 
putation. In automata theory, many superiority results have been obtained mostly for quan- 
tum finite automat^fl (QFAs) [Il|3l[5l[6l|8l[I71li[ai[2Hll29l|38Hl2] and a few for QFAs with 
counters [HIISlEnilMlllSlIll] and for QFAs with a stack [nHSUlESlISll. 

In this paper, we present many new results about how the quantumness and in some cases 
randomness adds power to the one-way and realtime computational models, i.e. multihead 
finite and pushdown automata, counter automata, etc. Then, we present some open problems 
and conjectures for the further investigations. We also give some new results about classical 
computation. 

Due to their restricted definitions, early QFA models and their variants were shown to be less 
powerful than their classical counterparts for many cases pll2lll7[|22|H3] . In fact, these models do 
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not reflect the full power of quantum computation [31]. Therefore, we use "modern" definitions 
for the quantum models (e.g. jUlIS]). 

After a concise background given in Section 2, we present our results in Section 3, in which we 
classify the results under four subsections: (3.1) nondeterminism, (3.2) blind counter automata, 
(3.3) multihead finite automata, and (3.4) multihead pushdown automata. 

2. Background 

We specifically give the definitions of three models in order to trace the proofs presented in 
the paper: generalized finite automaton, one-way quantum finite automaton, and realtime 
quantum automaton with one-blind counter. The quantum models are defined based on a 
generic template that is given in Subsection (3.2). We refer the reader to |Tni[lll[inil271|31] for 
the definitions of classical machines; to P^H2] for the definitions of the QFAs generalizing their 
classical counterparts; and, to [25] for a standard reference of quantum computation. 

Throughout the paper, we use the following notations: S not containing $ and $ (the left and 
right end-markers) denotes the input alphabet; S = S U {ct, $}; Q is the set of (internal) states; 
go ^ Q is the initial state; Qa ^ Q is the set of accepting states; 6 is the transition function; 
fM{'^) is the accepting probability (or value) of machine on w; Wi is the i^'^ symbol of w; 
\w\ is the length of w; \w\a is the number of the occurrence of a in w, where w G S*. The list 
of abbreviations used for models is given below: 

• the prefixes "1" and "rt" stand for on e-wa?J^ and rea/izm^ input head(s), respectively; 

• the letters "D", "N", "P", and "Q" used after "1" or "rt" stand for deterministic, non- 
deterministic, probabilistic, and quantum, respectively; 

• the abbreviations "FA", "A;FA", "PDA", "PDfcA", and "fcBCA" stand ior finite automa- 
ton, finite automaton with k input heads, pushdown automaton, pushdown automaton with 
k input heads, and automaton with k blind counter (s), respectively, where k > 0. 

For all models (except GFAs), the input G S* is placed on a read-only two-way infinite tape 
as w = (twS from the squares indexed by 1 to \w\. At the beginning, the head(s) is (are) initially 
placed on the square indexed by 1 and the value(s) of the counter(s) is (are) set to zero. 

2.1. Generalized finite automaton 

A generalized finite automaton (GFA) [32j is formally a 5-tuple 

g = iQ,^,{A^^j,},vo,f), 



^The input head(s) is (are) not allowed to move to left. 
^The input head(s) is (are) allowed to move only to the right. 
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where (i) Ao-es's are |Q| x |Q|-dimensional real valued transition matrices, and, (ii) vq and / are 
real valued initial (column) and final (row) vectors, respectively. For an input string, w G S*, 
the acceptance value of w associated by Q is defined as 

2.2. Generic templete for quantum machines 

Now, we briefiy describe a general framework for quantum machines allowing to implement 
general quantum operators (see [351 112] for details). Each quantum machine has a special 
component, a finite register, not considered as a part of the configurations, with alphabet Q 
having a distinguished symbol Ui (the initial symbol). In each step of the transition, (i) the 
register is reset to (ii) as a part of the transition, a symbol is written on the register; 

and, (iii) the finite register is discarded. For one-way models, we have a set of outcomes 
A = {a,r,n} (f2 is partitioned into there pairwise disjoint subsets, i.e. f^rsA) and, before 
discarding process, a projective measurement is applied on the register. That is, P = {Ptsa | 
Pr = J^uiefir following actions are performed with respect to the outcomes: 

(a) or (r) the computation is halted and the input is accepted or rejected, respectively, (n) the 
computation continues. For realtime models, the decision on the input is given after reading 
the whole input by a projective measurement, applied on the space spanned by the internal 
states, i.e. P = {Pa, I — Pa \ Pa = J2qi^Qa For the models with blind counters, an 

additional measurement is done on the counters to check whether their values are zero or not. 
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Figure 1: Matrix E 

A quantum machine operates on the space spanned by its configurations. The computation 
begins with the initial configuration and continues until terminated. The transitions between 
the configurations are determined by the transition function. Let C^, shortly C, be the con- 
figuration set of Ai for a given input w G S*. All transitions of on can be summarized 
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as in Figure [H in which -E^^gq represents all transitions between the configurations when oj is 
written on the register. To be a well- formed machine, for all w G S*, the columns of the matrix 
E (Figure [T]) form an orthonormal set0, i.e. equivalently, 

where E^^ [j, i] denotes the amplitude of transition from the z*'' configuration to j'*'* configuration 
by writing u on the register. 

2.3. One-way quantum finite automata 

A one-way quantum finite automata (IQFA) [12] is a 7-tuple 

M = {Q, S, Q, 6, go, ^a, ^r), 
where Qa (^r) is the set of accepting (rejecting) symbols. The transition of A4 is specified as: 

5{q,a) = a{p,d,uj) (a G C), (1) 

where A4, which is in state q E Q and reads a G S on the input tape, changes the internal state 
to p E Q, update the position of the input head with respect to d G {I, — )•}, and writes u E fl on 
the finite register with amplitude a. For simplicity, we assume that range component d can be 
determined by component p, denoted Ip and jt', and so term d can be dropped from Equation 
dJ For a given string w G E*, the configurations of are the pairs of {q,x) E Q x {1, . . . , \w\} 
and (gi, 1) is the initial one, where x stands for the head position. 

2.4. Realtime quantum automaton with 1 blind counter 

A realtime quantum automata with one blind counter (rtQlBCA) is a 6-tuple 

M = {Q,J:,Q,6,qo,Qa). 

We assume that Ai can have the capabilit}!^! of updating its counter (s) from the set {—m, . . . , m} 
for any fixed m > 1. The transition of Ai is specified as: 

S{q,a) = a{p,c,u) (a G C), (2) 

where Ai, which is in state q E Q and reads a G S on the input tape, changes the internal 
state to p E Q, update the counter value by c G {—m, . . . , m}, and writes u E Q on the finite 
register with amplitude a. For a given string w G S*, the configurations of Ai are the pairs of 
{q,v) E Q X 7j and (gi, 0) is the initial one, where v stands for the value of the counter. 

In fact, matrix E (Figure [1]) is a part of a bigger unitary matrix, say U, that is responsible for the evolution 
of configuration space joint with the finite register. Since the register is reset to |wi) in each step, only a part of 
U, which is exactly E, operates on the configuration space. Therefore, the columns of E must be orthonormal. 

^ It is a well-known fact that (e.g. see [3 6) ) for any classical or quantum counter automata having the 
capability of updating its counter(s) from the set {— m, . . . ,to}, there exists an equivalent counter automaton 
updating its counter (s) from the set {—1, 0, 1} for any m > 1. 
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2.5. Language recognition 

The language recognition criteria used in the paper can be defined as follows: 

• A language L C E* is said to be recognized by A4 with error bound e G (0, |) if (i) 

fM-iw) > 1 — e for 1(7 G L and (ii) fM{w) < e for w ^ L. 

• A language L C S* is said to be recognized by Ai with negative one-sided error bound 
e G (0, 1) if (i) fMi'i^) = 1 for w G L and (ii) fjvii'^) < e for w ^ L. 

• A language L C S* is said to be recognized by Ai in nondeterministic mode if (i) Jm (w) > 
for w E L and (ii) fM^w) = for w ^ L. 

Note that, any negative one-sided error bound | can be easily converted to the general error 
bound I and any negative one-sided error bound in internal (|, 1) can be easily converted to 
a general error bound in interval (|,|). Moreover, as a special case, the class of languages 
recognized by rtQFAs in nondeterministic mode is denoted by NQAL [39] . 

3. Main results 

In our algorithms, we use a special kind of quantum transformation, A^-way QFT (quantum 
Fourier transform) [T71I361I37] . Let A^ > 1 be a integer. The A^-way QFT is the transformation 

1 ^ 
^ 1=1 

from the domain elements di, . . . , ^at to the range (target) elements ri, . . . , tat, where is the 
distinguished target elements. The QFT can be used to check whether separate computational 
paths of a quantum program that are in superposition have converged to the same configuration 
at a particular step. Assume that the program has previously split to A^ paths, say Sj (1 < 
j < N), each of which have the same amplitude. We assume that sj (when having dj) enters 
to Sj^i, . . . , Sj^AT by the QFT. If sj^i ^ sy^i for each j ^ j', then none of the target elements 
is interfered with each other and so the distinguished target exists with probability where 
1 < / < A^. Otherwise, if each Sj makes the QFT in different computational steps, then we 
obtain the same result. But, if all of them make the QFT simultaneously, then all targets are 
interfered with each other and only the distinguished target survives with probability 1. 

3.1. Nondeterminism 

It was shown in [39] that L C S* G NQAL if and only if L is defined by a GFA, say Q ^ as 
follows: (i) fg{w) > for w E L and (ii) fg{w) = for w ^ L. We show our results in this 
section based on this equivalence. 
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We already know that the class of languages recognized by INFAs (reps., INPDAs) is a proper 
subset of the class of languages recognized by rtQFAs (resp., IQPDA) in nondeterministic 
mode [211133 • We give a stronger version of these results by using noncontextfree language 
Lijk = [a'Vc^ \ i ^ j,i k,j ^ k,0 < i,j, k}. 

Theorem 1. Lijk is in NQAL. 

Proof. (See Appendix |X] for a complete proof) We can design a GFA to calculate the value of 
(|w|a — \w\b) on a specified internal state. By tensoring this machine with itself, we can obtain 
the value of (|iy|a — Similarly, we can also calculate the value of 

{\w\a - \w\bY{\w\a - \w\cf{\w\b - \w\cf. 

Additionally, this value is multiplied by if the input is not of the form a~^b~^c~^. Therefore, 
the last result is a positive integer if w G Lijk and it is zero if w ^ Lijk. □ 

Corollary 1. In nondeterministic mode, the class of the languages recognized by classical ma- 
chines is a proper subset of the class of the languages recognized by quantum machines for any 
model between finite automaton and one-head pushdown automaton. 

Now we give a separation result between deterministic and nondeterministic automata with 
blind counters. Note that, every one-way versions of these models can be easily converted to 
ones operating in realtime. 

Theorem 2. If L is recognized by a rtDkBCA, then L &NQAL, where k > 0. 

Proof. (See Appendix [B] for a complete proof) Let V be the rtDfcBCA recognizing L. We 
can design a GFA, say Q, to exactly mimic the state transitions of V. {Q can also cover the 
transitions of P on $ and $, by its initial and final vector component.) During the simulation, 
Q additionally change the values of the internal states with respect to the following strategy: 
(let Pi be the i^'^ prime {1 < i < k)) (i) at the beginning, the value of the internal state of Q 
corresponding to the initial state of P is 1, and, (ii) if the value of the i*^ counter is updated 
by 1 (resp., —1), then the value of the state is multiplied by pi (resp., — ). 

Pi 

Suppose that, the computation of V ends in state q on input w. Let q' be the internal state of 
Q corresponding to q and Cg' be the value of q'. It can be easily be verified that Cg' = 1 if and 
only if all counters of V are set to zeros at the end of the computation. The value of {cg/ — 1)^ 
can also be calculated by a GFA Q' if q is an accepting state. So, for w G L {w ^ L), we have 
fg'iw) = Oifgiw)>0). □ 

In [12], it is shown that Lgay cannot be recognized by a rtQFA with unbounded error (and so 
Lsay i NQAL and ^ NQAL [32]), where 

Lsay = {W I 3ui,U2,Vi,V2 E {a,b}*,W = UibU2 = VibV2, \Ui\ = \V2\}. 
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However, it can be easily be sliown tliat Lgay can be recognized by a rtNlBCA: two 6's (those 
can also be the same) can be selected nondeterministically and by using a blind counter, the 
lengths of the substrings before the first b and after the second b can be compared. 

Corollary 2. For any k G Z+, the class of languages recognized by IDkBCAs is a proper subset 
of the class of languages recognized by INkBCAs. 

3.2. Blind counter automata 

Lemma 1. For any e G (0, |), Lupai = {a"b'^ | > 0} can be recognized by a rtQlBCA with 
negative one-sided error bound e. 

Proof. Let N >2 and J^upai,N = (<5, S, fi, 5, go, Qa) be a rtQlBCA, where Q = {qo,cio,ro} U 
{qj U q'j U pj U I 1 < j < A^}, Q = {ui,U2, oJr}, Qa = {cio,PN}- The details of 6 is given in 
Figure O (The missing part of 6 can be easily be completed.) 

We show that AiupaLN recognizes Lupai with negative one-sided error bound Therefore, by 
setting = [i] , we obtain the desired machine. 



mainpath 





a 


b 


$ 


<5((jo,<t) = (go,0, LJi) 


1 ^ 

5{ro,a) = {ro,0,uJr) 


5{qo,b) = (ro,0, wi) 
5{ro,b) = (ro,0, LJr) 


<5(go,S) = (ao.O.wi) 
5{ro,$) = {ro,0,uJr) 



pathj (1 < i < JV) 



d (before reading a b) 


b 


% 




S{qj,b) = iq'j,-j,uji) 
5{q'^,b) = {qr,-j,uJ2) 


N 2xi , 


d (the first a after reading a b) 





rejecting-pathj (1 < i < N) 



a 


b 


$ 


S{rj, a) = (rj , 0, uir) 


S{rj,b) = (rj,0,aj,.) 


5(rj,$) = (r^,0,Wr) 



Figure 2: The details of the transition function of M.upai,N 

We begin with two trivial cases: (i) if the input is empty string, then it is accepted with 
probability 1; (ii) if the input begins with a 6, then it is rejected with probability 1. So, we 
assume the input to begin with an a in the remaining part. After reading the first a, the 
computation is spht into A^ different paths, path^- (1 < j < A^), with amplitude and the 
counter value is increased by j in path^. Each path keeps the same increment strategy as long 
as reading a's. After reading a 6, each path switches to a decrement strategy such that the 
counter value is decreased by j in path^ as long as reading 6's. 

If an a is read after a 6, pathj passes to rejecting-pathj, in which the input is rejected with 
probability 1 at the end. Otherwise, the input is of the form a"*6", where m > and n > 0, 
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and before reading $, tlie machine is in the following superposition (of tlie configurations): 

^ 1 

^-7^\iQj,jirn-n))). 

j = l V 

Note that, if m = n, then we have 

^ 1 

Thus, after reading $, each path enters an A^-way QFT. That is, (i) if m = n, all configurations 
are interfered with each other and only \{pn,0)) remains with probability 1 and so the input 
is accepted exactly; (ii) if m ^ n, none of the configuration is interfered and so the input is 
accepted with probability - before the measurement, the configurations with pat exist in the 
superposition as 

^ 1 

i=i 

Note that, in case of m ^ n, the configurations with an internal state different than g^r are 
observed with probability 1 — at the end. □ 

Theorem 3. For any e E (0, |), L'lpai can be recognized by a rtQlBCA with negative one-sided 
error bound e. 



Proof. We use the idea presented in the proof of Lemma[T]after making a small modification. Let 
> 2 and Mupai*,N = {Q, fi, 5, go, Qa) be a rtQlBCA, where Q = {go, ao, ''^o} U {(Ij^Qj ^Pj I 
1 < J < N} U {r^ I 1 < j < — 1}, n = {(xJi,uJ2,ijJ3,ijJr}, Qa = {o-o,Pn}- The details of 6 is 
given in Figure [3l (The missing part of 6 can be easily be completed.) 



mainpath 



ct 


a 


b 


$ 


S{qo,<t) = (go,0, wi) 


N 

5{ro,a) = {ro,0,LUr) 


5{go,b) = (ro,0, cji) 
5{ro,b) = (ro,0, i^r) 


5{qo,$) = (ao,0,wi) 



pathj (1 < i < N) 



fl (before reading a b) 


b 


$ 


5{qj,a) = {qj,j,uJ2) 


Si<lj,b) = iq'j,-j,uii) 
S{qr,b) = iqr,-j,i^2) 


5{qj,$) = {qj,0,LUi) 

N r. ■ 



Ct (the first a after reading a 6) 



rejecting-pathj (1 < J < A'^ — 1) 



a 


b 


$ 


S{rj, a) = (rj , 0, uir) 


5{rj , b) = {rj, 0, a;,.) 





Fi gure 3: The details of the transition function of J^upai,N 

Suppose that the input is of the form (a+6+)(a+6+)+ or (a+6+)(a+6+)*a+. (If not, J^upai*,N 
behaves exactly the same as Aiupai,N-) After reading the first block of (a+6+), J^upai*,N enters 
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a QFT on the first a to compare the number of a's and the number of 6's in the block. The 
targets of the QFT are rejecting-pathj's (1 < j < — 1) and the distinguished one in which 
the computation re-sphts into path^'s (1 < A; < A^) with equal amplitudes. Thus, if the 
block contains the equal number of a's and 6's, only the distinguished target remains and the 
computation goes on in path^^'s with probability 1. Otherwise, with probability 1 — ^, the 
computation enters rejecting-pathj's, in which the input is rejected certainly at the end. The 
same procedure is repeated for each {a~^b~^) block that is followed by an a in path^'s. When 
reading $, the computation again enters a final QFT in path^'s such that the distinguished 
target is a configuration with the accepting state p^. 

Therefore, the members of L^^pai are accepted exactly and the nonmebers are rejected with 
probability at least 1 — By setting N = j"^], we obtain the desired machine. □ 



In [H], it was shown that L'^pai cannot not recognized by any ID/cBCAs, where k G Z+. 

Corollary 3. For any k G and e G (0, |), the class of languages recognized by IDkBCAs is 
a proper subset of the class of the languages recognized by rtQkBCAs with error bound e. 

Conjecture 1. L*ai cannot be recognized by any IPkBCA with bounded error, where k > 0. 



3.3. Multihead finite automata 

Let Lupai{t) and L'^p^i^^.^ be the following languages: 

Lupaiit) = {a"'& • • • ba'^'ba'^'b ■ ■ ■ bd'' | > 0, 1 < z < t} 

and 

L'upai{t) = ■ ■ ■ ha'''ba'''b ■ ■ ■ ba""' | > 0, 1 < i < t}, 

respectively. It was shown in [19] that for any k, there exists a t > such that language L'^pai(t) 
cannot be recognized by any INfcFA. We can argue the same argument also for Lupai{t) since any 
IN/cFA recognizing Lupai{t) can be converted to a IN/cFA recognizing L'^p^^f^^-^ in a straightforward 
way. On the other hand, we show that, for any e G (0, |), Lupai(t) can be recognized by a IQFA 
or a 1P3FA with negative one-sided error bound e. 

Lemma 2. For any e G (0, i), language Lupai{i) can he recognized by a IQFA with negative 
one-sided error hound e. 



Proof. We use a similar technique described in the proof of Lemma [TJ Let A^ = [i] and 
Mupai(i),N = (Q, S, fi, 5, go, ^a, ^^r) be a IQFA, where Q = {Iqk | < < A^} U {qj^i U | 
l<j<N}U fc I 2 < < J + 1, 1 < J < AT} U {ipj,k \2<k<N-j + 2,l<j<N}, 
fl = {ijjn,uja,ujr}, = {i^a}, and fir = Wr} ■ The details of 6 is given in Figure HI (The 
missing part of 6 can be easily be completed.) 
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pathj (1 < i < N) 


d (before reading a fe) 


d (after reading a i>) 


5(iqj^k,a.) = (igj,fc+i,a;„) (2 < k < j + 1) 


S{iqj,k,a) = {ipj^k+i,a,LJn) {2 < k < N - j + 2) 
S{iPi.N-j+2,a,) = {pj^,uj„) 


b 


$ 


S{qj2,b) = (pJ^,U}n) 

<5(Pja.'') = (Pjt:t^r) 


S(qjJ,$) = (iqj,2,i^r) 

N-1 2TTi 

= Y:^e — ^'{iqi,uJr) + ^e''^^HUN,uJa) 



Figure 4: The details of the transition function of M.upai{i),N 



We show that Aiupai{i),N recognizes Lupai{i) with negative one-sided error bound j^. Therefore, 
by setting = [i] , we obtain the desired machine. 

On symbol (t, the computation is split into different paths, say pathj {1 < i < N), with 
amplitude If the input does not contain exactly one b, it is rejected in each path. We 
assume the input of the form aJ^hd"- {m,n > 0) in the remaining part. Before (resp., after) 
reading symbol b, path^- waits j (resp., — j + 1) step(s) on each a, and so, path^- arrives on $ 
after making m{j) + n{N — j + 1) stationary movements. After reading $, each path makes a 
QFT: the input is accepted in the distinguished target and it is rejected, otherwise. 

It can be easily verified that for any ji ^ j^, psth^i ^'^'^ P^^'^j2 ^^^ive on $ simultaneously if and 
only if m = n, where 1 < ji, j2 < ^ ■ In other words, each path makes the A^-way QFT at the 
same time if and only if m = n. That is, (i) if m = n [the succeed case), all paths are interfered 
with each other and only configuration \{qN, + 2)) remains with probability 1 and so the 
input is accepted exactly; (ii) otherwise {the failure case), none of the paths is interfered with 
the others and so the input is accepted with probability at most j^. □ 

Theorem 4. For any e G (0, |), language Lupai{t) can be recognized by a IQFA with negative 
one-sided error bound e, where t > 0. 

Proof. (Sketch) The proof can be obtained by generalizing the technique presented in the proof 
of Lemma [21 Suppose that the input is of the form 

a"^i6 ■ ■ ■ 6a"^*6a"*6 ■ ■ ■ 6a"^ (m^, > and 1 < z < t). 

(Otherwise, the input is rejected exactly.) The algorithm has t stages. In the first stage, the 
equality of rrit and rit are compared. If so, the computation goes to next stage with probability 
1. Otherwise, the input is rejected with probability 1 — ;^ and the computation goes to next 
stage with probability j^. In the second stage, the equality of mt-.i and nj_i are compared in 
the same manner. The computation continues in this way and in the last stage, the input is 
accepted instead of going to next stage. Therefore, for the members, the input is accepted with 
probability 1 and for the nonmembers the input is accepted with probability at most Some 
technical details are given below. Let A^ = [i] . 
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1. On symbol (t, the computation is split into paths with equal amplitudes, say path^-^ 
(1 < ji < N). After reading the first b, the computation is again split into N paths with 
equal amplitudes, i.e. path^^ is split into paths path^^ (1 ^ Ji;j2 < N). This process is 
repeated until reading the (t — lY^ b. Thus, after reading the (t — 1)*'^ b, each path has t indexes, 

1. e. pathj^ j^ (1 < jk N and 1 < k < t). Note that, any path with index (ji, j2, • • • ,jk') 
{1 < k' < t) is responsible to compare numbers mk' and n^/. 

2. Before (resp., after) reading the t*'^ b, if j is the last one in the index (of the path), then, it 
waits j (resp., A^ — j + 1) steps over each a. 

3. After reading the t*'^ b, all paths start to make N-waj QFT over each b in order to compare 
the numbers under their responsibility. After the QFT, the computation continues with the 
paths, from which the current paths were created in the previous steps (i.e. technically the 
rightmost one is dropped from the index) with probability 1 in the succeed case and with 
probability in the failure case. Note that, in the failure case, the computation is terminated 
and the input is rejected with probability 1 — □ 

Corollary 4. For any /c G Z+ and e G (0, |), the class of languages recognized by IDkFAs is a 
proper subset of the class of the languages recognized by IQkFAs with error bound e. 

In [11], Freivalds showed that, for any e G (0, |), Leq(t) can be recognized by a rtPlBCA with 
negative one-sided error bound e, where t > and 

Leq{t) = {w e {ai, . . . ,at,bi, . . . , bt}* | Vz G {1, . . . , t}{\w\a, = \w\b,)}. 

In fact, it is not hard to modify the Freivalds' algorithm in order to show that, for any e G (0, |), 
rtPlBCA can recognize Lupai{t) with negative one-sided error bound e. Moreover, since the task 
of any counter can be implemented by two heads, we can argue the following result. 

Lemma 3. Any rtPlBCA can be exactly simulated by a 1P3FA. 

Proof. Let M. and M.' be respectively the given rtPlBCA and the 1P3FA simulating M.. The 
heads of Ad' can be named as follows: Hi is the head simulating the input head of M. and 
Hi and H2 are responsible to implement the blind counter of M.. The input is sequentially 
read by H^ as M. does and for any increment (resp., decrement) operation on the counter. Hi 
(resp., H2) moves one square to the right. When H^ reads the right end- marker and enters an 
accepting state, both Hi and H2 are tested whether they are on the same square or not (they 
start to travel towards to the right end-marker ($) with the same speed and the test is passed 
if they read $ simultaneously). If so, the input is accepted, otherwise, it is rejected. □ 

Theorem 5. For any e G (0, |), language Lupai{t) can be recognized by a 1P3FA with negative 
one-sided error bound t, where t > 0. 

Corollary 5. For any k > 3 and e G (0, |), the class of languages recognized by IDkFAs is a 
proper subset of the class of the languages recognized by IPkFAs with error bound e. 
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By using t heads, it is not hard to show that a IQFA can recognize language Lneq{t) with any 
error bound less than |, where 

Lneq{t) = {w E {tti, . . . , ttt, 61 , . . . , foj* | Vz G {1, . . . , t}(|w|a, 7^ 

Question 1. VK/iat is the minimum number of heads required by a IPFA in order to recognize 
Lneq(t) with an error bound less than ^ ? 

By using the techniques described in Section 13.11 we can show that Lneq{t) is a member of 
NQAL, where t > 1. 

Conjecture 2. For any k > 1, there exists a t > such that Lneq(t) cannot be recognized by 
any INkFA. 

Conjecture 3. Lgt = {w G {a, 6}* | \w\a > \w\b > 0} cannot be recognized by a IQFA with 
bounded error? 

Question 2. What is the minimum number of heads required by a IQFA (or a IPFA) in 
order to recognize Lg^t) with an error bound less than |, where t > 1 and Lgt{t) = {w & 
{ai, . . . , at, 6i, . . . , ht}* | Vi e {1, . . . , t}{\w\a, > \w\b,)} ? 



3.4. Multihead pushdown automata 

It was shown in [9j that Ltwin{t), namely twin languages, cannot be recognized by a INPD/cA if 
and only if t > 2 ) ' where t > 0, k > 1, and 

Ltwin{t) = {wic ■ ■ ■ cwtcwtc ■ ■ ■ cwi \ Wi e {a,b}* ,1 < i < t}. 

Note that, Lt^in(t) can be recognized by a ID/cFA whenever t < ^ 2 ) 1^7] and so for this 
language neither nondeterminism nor a pushdown storage is helpful. 

Theorem 6. Li^in{2t) can be recognized by a IPkFA with negative one-sided error bound |, 
where t = {^\^ , t > k > 1. 

Proof. We assume the input of the form - if not, it is rejected exactly - 

WiC . . . W2tCU2tC . . . cui {wi, Ui G {a, 6}*, \ <i <2t). 

At the beginning, the computation is split into two branches, say branchi and branch2, with 
probability |. By using k heads, the pairs {wi, Ui), . . . , {wt, Ut) and {wt+i,Ut+i), . . . , {w2t, U2t) 
are compared deterministically in branchi and branch2, respectively. □ 

Corollary 6. The class of the languages recognized by lD2FAs is a proper subset of the class 
of the languages recognized by lP2FAs with error bound |. 
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Corollary 7. For any k G the class of languages recognized by IDPDkAs is a proper subset 
of the class of the languages recognized by IQPDkAs (IPPDkAs) with error bound |. 

It is an open problem whether Ltwin{= Ltwin(i)) can be recognized by a IPPDA with bounded 
error [36]. Therefore, it is interesting to ask the following question. 

Question 3. For a given t > 0, let k be the minimum integer such that Ltwin{t) is recognized by 
a IPkFA with an error bound at most | . Is there any k' < k such that Ltwin{t) can be recognized 
by a IPPDk'A with error bound | ? 

It was shown in ^36j that Ltwin can be recognized by a rtQPDA with negative one-sided bounded 
error |. Therefore, a quantum machine can make one more comparison of a pair by using a 
pushdown storage for any twin language. 

Corollary 8. For a given t > 0, let k be the minimum number such that Ltwm{t) is recognized 
by a IPkFA with negative one-sided error bound \. Then, Ltuiin{t) can be recognized by a 
lQPD{k-l)A with negative one-sided error bound |. 

Question 4. Is the class of languages recognized by IPPDkAs with error bound | is properly 
contained in the class of languages recognized by IQPDkAs with error bound |? 

If we allow the error bound bigger than |, we can obtain the following results. 

Theorem 7. Ltwin{t) can be recognized by a rtQPDA with negative one-sided error bound 1 — 
where t > 0. 

Proof. We assume the input of the form - if now, it is rejected exactly - 

wic ■ ■ ■ cwtcutc ■ ■ ■ cui {wi, Ui G {a, 6}*, 1 <i <t). 

An integer, say z, is selected from the set {1, . . . , t} with probability j at the beginning. Then, 
the substrings Wi and Ui are compared by the rtQPDA algorithm for Ltwin given in |36]. □ 

Theorem 8. Ltwin{t) can be recognized by a 1P2FA (or 1Q2FA) with negative one-sided error 
hound 1 — 7, where t > 0. 

Acknowledgment. We thank Juraj Hromkovic for his helpful answers to our questions re- 
garding blind counters. 
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A. Proof of Theorem [T] 
Theorem [1]. Lijk is in NQAL. 

Proof. By tensoring two GFAs (see Page 147 in [26j) Qi = (Qi, S, {Ag-gs}, ?^0) /) and Q2 
{Q2, S, {-Bo-es}? 5')) "we obtain a new GFA Q' (^1 (g) ^2), specified as 

G' = (Qi X Q2, S, {A, ® fi^ I a G S}, 170 (S)UoJ(S)g), 

such that for any G S, 



Let S = {a, 6, c} be the input alphabet. We design a GFA Qa-b to calculate the value of 
{\w\a — \w\b) as its accepting value for any w G S*, i.e. 

Ga-b = (Q, S, {A^es}, ^^0, /), 
where Q = {qi, ^2}, fo = (0 1)^, / = (1 0), and 



A. 



1 1 
1 



A, 



1 -1 
1 



Ar 



1 

1 



At the beginning, the values of qi and q2 are and 1, respectively. Whenever an a (resp., a b) 
is read, the value of qi (resp., ^2) is increased (resp., decreased) by 1. At the end, the value of 
qi is assigned as the accepting value. That is, fg^_^{w) = \w\a — \w\b. 

Similarly, we can design two GFAs Qa-c and Qb^c to calculate the values of {\w\a — \w\c) and 
(|w|fe — \w\c) as their accepting values, respectively, for any w G S*. 

Moreover, we can design a GFA Qa+b+c+ to assign 1 as the accepting value for the strings of the 
form a'^b'^c'^ and 0, otherwise: 

Qa+b+c+ = {Q, {A^gs}, VO, /) 

where Q = {gi,g2,g3,g4},t^o = (l Of, / = (0 1), and 

/0000\ /0000\ /0000\ 

110 

\ / 



Aa 



, Ab 




110 
\ / 



Ar, 





\ 1 1 / 



Now, we can obtain a GFA Qijk for Lijk as 

Gijk = Qa+b+c+ ® {Qa-b ® Qa-b) ® {Qa-c ® Qa-c) ® {Qb-c ® Qb-c) , 

which calculates the value of 

for the strings of the form a'^b'^c'^ and returns 0, otherwise. In other words, fg- {w) is a positive 
integer if i;; is a member of Lij^. and it is zero if w is not a member of Lij^. □ 
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B. Proof of Theorem [2] 

Theorem [2]. If L is recognized by a rtDA;BCA, then L gNQAL, where A; > 0. 

Proof. Without the loose of generahty, we can assume that the counter operation(s) of a 
rtDfcBCA, say V, can be determined by the internal state to be entered after each transi- 
tion. Thus, the transitions of V can be defined from Q xT, to Q, where Q = {qi, . . . , g„} is the 
set of the internal state and n > 0, where qi is the initial state. Equivalently, for each a G S, 
we can define a matrix (transition matrix), say whose columns and rows are indexed by 
the internal states such that the {j,iy^ entry of T„ represents the transition value from state 
qi to qj. Due to its deterministic nature, these transition matrices are (left) stochastic having 
zero-one stochastic columns. 

The state-transition of P can be linearized. For this purpose, we define the following compo- 
nents: 

• Qa is the set of accepting states, 

• fo = (1 ■ ■ ■ 0)^ is an n-dimensional column vector, and 

• / is an n-dimensional row vector such that f[i] = 1 if q^ G Qa and f[i] = if q^ ^ Qa, 
where 1 < i < n. 

That is, for a given input string w G S*, the state-transition of V is traced by a (stochastic) 
column vector, i.e. 

and 

^|«)| = T$T^^^^ ■ ■ ■ T^^Tfi^vo, 

where 1 < i < It can be easily verified that if V enters to qj at the end of the computation 
if and only if Vw[j] = 1, where 1 < j < n. (Note that, each intermediate Vi is also a stochastic 
zero-one vector, where 1 <i < \w\.) 

Let pi be the l^^ prime {1 < I < k). In the above schema, the counter operations of V can be 
simulated by using a simple number-theoretic method: when the counter of V is updated 
by 1 (resp., or —1), the nonzero entry of Vi is updated by multiplying with pi (resp., 1 or 
— ), where 1 < / < A; and 1 < i < \w\. This method can be embedded into the transition 
matrices. That is, if the value(s) of counter(s) is (are) updated with respect to c G {—1,0, 1}*^ 
when entering state qj E Q, in each T^g^' nonzero entries on the j^^ row is replaced with 

1=1 
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We denote updated matrices as T'^^^- 

Suppose that the value(s) of the counter(s) is (are) C G Z'^ at the end of the compu- 
tation and the computation ends in qj £ Q on input w G T,* . Then, it can be verified 
in a straightforward way that 



[j] = ll(P^ 



,cii] 



1=1 



which is 1 if and only if each counter value is zero. 
Let T"^^ be (n + 1) x {n + l)-dimensional matrices obtained form as 
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We design a GFA Q based on V as follows: 

g = {Q',^,{A^^j:},v',J') 

where Q' = QU {g„,+i}, 



7l' — T" 



/ 1\ 







/' = (/ I l)T^', and = T^. 



Hence, by using the scenario given in ([3]), we can verify that 

• if q, e Qa, then fg{w) = (ul,{pif^'^) - 1, i.e. 

— fg{w) = if each counter value is zero and 

— fg{w) 7^ if at least one counter value is not zero; 

• if qj ^ Qa, then fg{w) = -1. 



(3) 



Let L be the language recognized by V and Q"^ = Q ® Q. Then, for w G L (resp., w ^ L), 
fg2{w) = (resp., fg2{w) > 0). Thus, L e NQAL. □ 



